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Section 10, « Lines and Planes in Space: "+ "
* W et of parimetric equations far A line in space.
© Write winewr cquation 1o represent i plane in space.

+ Skewh the phne eiven by alinear cquattion.

= Find the distanee between points. phines.d Hines in space,

: Lines in Space

In the plane, slope is used to determine an equation of a line. In space, jt is
Qe y,2) convenient to use vectors to determine the equation of a line. 2
In Figure 10.43, consider the line L through the point P(x;, ¥, 2,) and pay

A

] the vector v = (a, b, ¢). The vector v is the direction vector for the line L, ang
: v=(a.b o) and ¢ are the direction numbers. One way of descn’ﬁbiAng the line L is to say thay
g consis_t§ of all points Q(x, y, z) for which the vector PQ) is parallel to v. This
i \7??\‘ i that PQ is a scalar multiple of v, and you can write PQ = tv, where t is sca]argl',l’ﬂ
e number)
PQ‘—‘(x—x,,y—y,,Z_Z[)=(af,bt7(3t>:tv 3 %’
F By equating corresponding components, you can obtain the parametric equ

. T a line in space.
Line L and its direction vector v P

Figure 10.43

THEOREM 10.11  Parametric Equations of 1 Line in Space

A line L parallel to the vector v = (g, b, ¢} and passing through the point -
P(x;, y,, z,) is represented by the parametric equations -y

X=x;ta, y=y +b, and z=gz +ecr

S,

If the direction numbers a, b, and ¢ are all nonzero, you can eliminate tln ) ;
meter £ to obtain the symmetric equations of a line, B L S

\
)
(1,-2,4)
:z\ P XTH _YTy_I1-g

— 1

Symmetric equations &
a b c

Example 1 Tinding Parametric and Symmetric Equations e

Find parametric and symmetric equations of the line 7. that passes throughk lhel ot A
(1, =2, 4) and is parallel to v = (2, 4, —4), S

Solution To find a set of parametric equations of the line, use the coordi
* = 1,y = =2, and z; = 4 and direction numbers g = 2, p = 4,andc = ~4
Figure 10.44).

\ x=14+2 y=-2+4+4 z=4-4 Parametric equations

L v=(2,4,-4)

4 Because a, b, and c are all nonzero, a set of Symmetric equations is
The vector v is parallel to the line L. x=1_y+2 z-4

Figure 10.44 2 4 4 Symmetric equations



enormal vector n js orthogonal to each
tor PQ in the plane.
iure 10.45

iz
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Neither the parametric equations nor the Symmetric equations of a given line are
unique. For instance, in Example |, by letting r = | in the Parametric equations you
would obtain the point (3, 2, 0). Using this point with the direction numbers g4 = 2.
b =4 andc = ~4 would produce the different parametric equations

X =3+ 2 y=2+4 and ;= -4

Find a set of parametric equations of the line that passes through the points (-2, 1, 0)
and (1. 3, 5).

Begin by using the points P(=2,1,0) and (1, 3, 5) to find a direction
vector for the line passing through P and O, given by

v="P0 = (] —(-2),3—1,5—o>=<3,2,5>=<a,b,c>.

Using the direction numbers a=3,b=2andc = 5 with the point P(—2, 1, 0). you
can obtain the parametric equations

x = =24 3, y=1+2 and z7=5;.

NOTE  As 1 varies over al) real numbers, the parametric equations in Example 2 determine the
points (x. y, z) on the line, In particular, note that r = 0 and 7 = | give the original points
(=2,1,0)and (1, 3, 5).

Planes in Space |

You have seen how an equation of a line in space can be obtained from a point on the |
line and a vector bparallel to it. You will now see that an equation of a plane in space
can be obtained from a point in the plane and a vector normal (perpendicular) to it,
Consider the plane containing the point Plx,, y,. z,) having a nonzero normal
vector m = (a, b, c), as shown in Fj gure 10.45. This plane consists of all points
O(x, y, z) for which vector 7’6 is orthogonal to n. Using the dot product, you can write

the following.
n-Pg=0
(a.bm)'<x—x1,y~yl,z—z.>=0 !
alx —x,) + b(y - )+ ez — ) =0 !

The third equation of the plane is said to be in standard form.

The plane containing the point (x,, v, z,) and having a normal vector n =
{a, b, c) can be represented, in standard form, by the equation i

alx — x)) + by — ) +clz - z) =0.

By regrouping terms, you obtain the general form of the equation of a plane in space.

ax + [)_\' tez+d=90 General form o TR .
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In Exercises 13 and 14, find a set of parametric equations of the
line.

13. The line passes through the point (2. 3, 4) and is parallel to the
xz-plane and the yz-plane.

14. The line passes through the point (2, 3, 4) and is perpendicular
to the plane given by 3x + 2y — 7 = 6.

In Exercises 15 and 16, determine which points lie on the line L.

15. The line L passes through the point (—2, 3, 1) and is parallel to
the vector v = 4i — k.

(@) (2,3,00 () (-6.3,2) (©) (2,1,0) (d) (6,3, —2)
16. The line L passes through the points (2, 0, —3) and (4, 2, —2).
@ @4.1,-2) & (1 -4) © (-1,-3,-4)

In Exercises 17 and 18, determine if any of the lines are parallel
or identical.
17. L: x=6 -3, y=—2+2t, =5+ &
Ly x =066 y=2~4 =13 - 8
Ly x=10-6r, y=3+41, 2=7 + 8
Lix=—-4+6r,y=3+41 7=5-6¢t
x— 8 _y+ 5 _z+9

18. L;: n =3 3
L_x+7__v—4:z+6
) 1 5
L_x+4:y—1:z+18
3-8 4 -6
L X=2 y+3 z-4
S

In Exercises 19-22, determine whether the lines intersect, and

if so, find the point of intersection and the cosine of the angle of

intersection.

19. x=4r+2,y=37=—t+ |
X=2+2y=25+3,z7=5+1

20 x==-3r+lLy=4+1,:=2t+4
x=3s+1ly=2s+4,z7= -5+ 1

Fﬁ In Exercises 23 and 24, use a computer algebra system to graph
the pair of intersecting lines and find the point of intersection.
2. x =243, y=5~2,z7=—1t+ 1|
x=—25+7,y=5+8:=2s— 1
24, x =2t~ 1, y=~4t+ 10,7 = ¢
X= =55~ 12,y=3s+11,z2=—25s - 4

M

e
Cross Product In Exercises 25 and 26, (a) find the Coordin
of three points P, Q, and R in the plane, and detey; Wi,
vectors PQ and PR. (b) Find PQ x PR. What is the relationuc it &
between the components of the cross product ang the cnmg o &
cients of the equation of the plane? Why is this true?

25. 4x~ 3y — 67 =6 26 2x + 3y + 4y =

¢

® ™.,
.- '_g/
D — B
— Y

In Exercises 27-32, find an equation of the plam ¥y
through the point perpendicular to the indicated vector of lised

Point Perpendicular to
27. 2,1,2) n=i
28. (1,0,-3) n=k :".'l
29. (3,2,2) n=2i+3-k b
30. (0,0,0) n=-3i+2k 3 .
31. (0,0, 6) x=1-ty=2+1z=4-12 ’
32. (3,2,2) x;1=y+zzzj3

In Exercises 33-44, find an equation of the plane;i;;'

33. The plane passes through (0, 0, 0), (1, 2, 3), and (—1 3.3
34. The plane passes through (2, 3, ~2), (3, 4, 2), aqii "‘iri.'.l
35. The plane passes through (1,2, 3), (3,2, 1), and (= I =3
36. The plane passes through the point (1, 2, 3) and is pard
the yz-plane. :
37. The plane passes through the point (1, 2, 3) and is pas |
the xy-plane. e . :
38. The plane contains the y-axis and makes an angle of N ‘J
the positive x-axis. ‘ 8

39. The plane contains the lines given by

il S x—2 y—1_ 4
5 T 4=z and 3 =73 ‘;

40. The plane passes through the point (2, 2,1) and con Fy
given by A i the lig

£ = y———_ 4 = Mt o 'a | “- H

41. The plane passes through the points (2,2, 1) and (=K
and is perpendicular to the plane 2x — 3y + z T S
42. The plane passes through the points (3,2, 1) and (3
and is perpendicular to the plane 6x + 7y + 2z = I
43. The plane passes through the points (1, —2, "”“d ;
and is parallel to the x-axis. ST
44. The plane passes through the points (4, 2, 1) and (S5 .
and is parallel to the z-axis. R



P
3 in Exercises 45-50, determine whether the planes are parallel,

,dhof.ﬁﬂal? or neither. If they are neither parallel nor orthogo-
ual, find the angle of intersection.

““151,_3}'4-;:4 46. 3x +y — 4: = 3
';r+4,"+73:1 “9x =3y +12:=4
#.T;x_3y+(,z:4 48. 3x + 2y — ;=7

Sx+y—z=4 X—4y+2:=90
Cgr-Sr =1 50. 2x ~ z = |

S5r— 25y~ 5= -3 dx+y+ 8 =10

T s e o

In Exercises 5158, mark any intercepts and sketch a graph of
the plane.

3 3],;£f;;+ Iy +62=12
(8 un-y+3=4

TR el STyt

52. 3x + 6y + 27 =
54 2x —y+z7=4

(8y+z=5 56. x + 2y =4

; 5. ',; 5 58. ;=38

’ In E;émises 59-62, use a computer algebra system to graph the
:.-M

(WA ty-z=6 60. x —3; =3

Bl -%5x+4y—6z= -8

A

62. 2.1x — 4.7y ~ 7 = 3

.h Exercises 63 and 64, determine if any of the planes are
. parallel or identical.

P -2y+ 5. =10

2 P;£ —6x + 4y — 10z =

: Py ~3x+2y+5;=8

P 75x — 50y + 1257 = 250

' P: —60x + 90y + 307 = 27

4 P2':6x~9y-3z=2

C O Pr 206+ 30y + 107 =9

E Pi2x— 18y +67=5

ll Exercises 65 and 66, describe the family of planes repre-
sented by the equation, where c is any real number.

“ﬁ:fy%-z:c 66. cy + =0

In Exercises 67 and 68, find a set of parametric equations for
line of intersection of the planes.

Wdetoy ;=
$5dy+2:=0

68. 6x -3y + =35
"x-f:y+5z=5

n E!é&ises 69-72, find the point(s) of intersection (if any) of
and the line. Also determine whether the line lies in
% plane,
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x—1 v+ 1 .
71. 2x + 3y = |0, T~T2~~¢*3

X — + 362
72 5x+3y =7 f-F_ v+l o+

In Exercises 73-76, find the distance between the point and the
plane.

73. (0,0,0) 74. (0,0, 0)
A +3y+ =12 Sx —dy+:=38
75. (2,8, 4) 76. (3,2, 1)
Zk+y+zc=5 X—y+2z=4

In Exercises 77-80, find the distance between the planes.

77. x =3y + 47 = 10
x—=3y+4:=6
78. 4x — 4y + 97 = 7
dx — dy + 97 = 18
79. —=3x+ 6y + 77 = |
6x — 12y — 147 = 25
80. 2x —4; =4
2x—4z=10

In Exercises 81 and 82, find the distance between the point and
the line given by the set of Parametrie equations.

81. (1,5, —2); X=4~2y=3;7=—;4 |
82. (1, -2,4); X=22y=t—-3,z=2+2

Yattiid At the Cicanerc o .

;:1‘&-.4;:"-‘!(‘_ ?1‘- !.;’._ __:|\_ ;;,'} d _ & :

83. Give the parametric equations and the symmetric equations
of a line in space. Describe what is required to find thege
equations,

84. Give the standard equation of a plane in space. Describe
what is required to find this equation.

85. Describe a method of finding the line of intersection of two
planes.

86. Describe each surface given by the equations x = q, y = p,
and z = ¢,

87. (a) Describe and find an equation for the surface generated by all
points (x, y, z) that are 4 units from the point (3, -2, 5).
(b) Describe and find an equation for the surface generated by
all points (x, y, z) that are 4 units from the plane
4x — 3y + z = 10,

88. Consider the two nonzero vectors uw and v. Describe the
geometric figure generated by the terminal points of the
following vectors, where s and ¢ represent all real numbers,

(a) tv (b) u+ry

(c) su+ ty

2!
i




